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Abstract
Let f ∈ L p(R) be an entire function of exponential type σ whose conjugate indicator diagram lies on
interval [0, σ i]. We prove that∫ ∞
−∞
| f ′(x)|pdx ≤ cpσ p
∫ ∞
−∞
|Re f (x)|pdx (p ≥ 1)
where cp := √pi 0(1+
p
2 )
0(
1+p
2 )
is a best possible constant.
c© 2009 Elsevier Inc. All rights reserved.
Keywords: Entire functions; Indicator function; Conjugate indicator diagram; Levitan polynomials
1. Introduction
In paper [9] A. Zygmund proved the following result:
Theorem 1. If P is an algebraic polynomial of degree n and p ≥ 1 then∫ pi
−pi
∣∣∣P ′ (eiθ)∣∣∣p dθ ≤ cpn p ∫ pi
−pi
∣∣∣Re P (eiθ)∣∣∣p dθ (1)
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where cp = √pi 0(1+
p
2 )
0
(
1+p
2
) (0 (·) is Euler’s Gamma function) and the constant cp is the best
possible. Here Re z = 12 (z + z) .
Let f be an entire function of exponential type.
The indicator function of f is defined as
h f (θ) = lim
r→∞
ln
∣∣ f (reiθ )∣∣
r
.
In [4], T. Gencˇev proved the following result.
Theorem 2. Let f be an entire function of exponential type σ which is bounded on the real line.
If h f
(
pi
2
) ≤ 0 and supR |Re f (x)| = 1 then∣∣ f ′ (x)∣∣ ≤ σ for every x ∈ R.
The previous inequality can be written in the following way:
sup
R
∣∣ f ′ (x)∣∣ ≤ σ sup
R
|Re f (x)| (i.e. ∥∥ f ′∥∥∞ ≤ σ ‖Re f ‖∞) . (2)
(The equality in (2) is attained for f (z) = eiσ z).
In the proof of Theorem 2, Gencˇev used the Levitan–Ho¨rmander Theorem [1,5] on the
approximation of entire functions by trigonometric polynomials. This Theorem was also used
in [3,8] to establish some results regarding entire functions of exponential type.
Having on mind (1) and (2) and the fact that limp→∞ c
1
p
p = 1 it is natural to ask whether∫ ∞
−∞
∣∣ f ′ (x)∣∣p dx ≤ cpσ p ∫ ∞
−∞
|Re f (x)|p dx (1 ≤ p <∞)
for a suitable class of entire functions.
In this paper we extend Zygmund’s result to a class of entire functions of exponential type
and establish optimality of the constant cp for this class.
For more on terminology regarding entire functions (indicator and conjugate indicator
diagram) see [2] (p. 70–75) or [6] (p. 100–114).
2. Main result
Theorem 3. Let f be an entire function of exponential type σ such that∫∞
−∞ | f (x)|p dx < ∞ (p ≥ 1) and let its conjugate indicator diagram belong to interval
[0, σ i] . Then∫ ∞
−∞
∣∣ f ′ (x)∣∣p dx ≤ cpσ p ∫ ∞
−∞
|Re f (x)|p dx (p ≥ 1) (3)
where cp = √pi 0(1+
p
2 )
0
(
1+p
2
) and the constant cp is the best possible.
Remark 1. The condition that the conjugate indicator diagram of the function f belongs to the
interval [o, σ i] can be changed (under the assumptions of Theorem 3) to the equivalent condition
h f
(
pi
2
) ≤ 0. (This follows from [2] Th. 5.3.7, p. 74.)
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To prove Theorem 3 we need several Lemmas.
Lemma 1 ([7, p. 21, Theorem 1.9]). Let ( fn)∞n=1 be a sequence of measurable functions on R
such that fn −→ f (n −→∞) almost everywhere, and let there exist C < ∞ and p > 0 such
that
∫
R | fn (x)|p dµ ≤ C for any n ∈ N. Then
lim
n−→∞
∫
R
∣∣ | fn (x)|p − | f (x)|p − | fn (x)− f (x)|p∣∣ dx = 0.
(A corollary of this Lemma is the following equality:∫
R
| fn (x)|p dx =
∫
R
| f (x)|p dx +
∫
R
| fn (x)− f (x)|p dx + o (1) , n −→∞).
For the remainder of this paper, we deal with entire functions of exponential type τ which
belong to L p space on the real axis for some p ≥ 1.
So, let g be such a function; so we know that
∫∞
−∞ |g (x)|p dx <∞ (p ≥ 1) .
It is well known [2] that such a function is bounded on R.
Let
ϕ (x) =
(
sinpix
pix
)2
and
gh (x) =
∞∑
ν=−∞
ϕ (ν + hx) g
(
x + ν
h
)
, h > 0.
The properties of gh that we need are summed up in the following Lemma.
Lemma 2. 1. gh may be represented as
gh (z) =
N∑
ν=−N
aνe2pi iν hz, z ∈ C
with N = [ τ2pih ]+ 1 and complex coefficients aν (ν = −N ,−N + 1, . . . , N − 1, N ) .
2. |gh (x)| ≤ maxx∈R |g (x)| .
3. limh→0+ gh (z) = g (z) uniformly on all compact subsets of C.
4.
∫ 1
2h
− 12h
|gh (x)|p dx ≤
∫∞
−∞ |g (x)|p dx .
The trigonometric polynomials gh are called Levitan polynomials. Proofs of properties 1, 2,
and 3 can be found in [1] or in [5] and the proof of 4 in [8].
Let h = hn = τ2pin (n = 1, 2, 3, . . .) . Then properties 1, 3, and 4 from Lemma 2 can be
written as:
(A) ghn (z) =
∑N
ν=−N aνe
i ντ z
n , N = n + 1.
(B) limh→0+ ghn (z) = g (z) uniformly on all compact subsets of R.
(C)
∫
In
∣∣ghn (x)∣∣p dx ≤ ∫∞−∞ |g (x)|p dx where In = [−npiτ , npiτ ] .
Lemma 3. Let g be an entire function of exponential type τ such that∫ ∞
−∞
|g (x)|p dx <∞ (p ≥ 1)
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Then
lim
n→∞
∫
In
∣∣∣Re (ei(n+1)2pihn ·t · ghn (t))∣∣∣p dt = ∫ ∞−∞
∣∣∣Re (eiτ t · g (t))∣∣∣p dt. (4)
Proof. Let XIn be the characteristic function of interval In . From (B) and (C), according to
Fatou’s Lemma, it follows that∫ ∞
−∞
|g (x)|p dx ≥ lim
n→∞
∫ ∞
−∞
XIn (t)
∣∣ghn (t)∣∣p dt ≥ ∫ ∞−∞ limn→∞XIn (t) ∣∣ghn (t)∣∣p dt
=
∫ ∞
−∞
|g (t)|p dt.
Therefore,
lim
n→∞
∫ ∞
−∞
XIn (t)
∣∣ghn (t)∣∣p dt = ∫ ∞−∞ |g (t)|p dt. (5)
From (C) it follows that
lim
n→∞
∫ ∞
−∞
XIn (t)
∣∣ghn (t)∣∣p dt ≤ ∫ ∞−∞ |g (t)|p dt (6)
and so from (5) and (6) we get
lim
n→∞
∫ ∞
−∞
XIn (t)
∣∣ghn (t)∣∣p dt = ∫ ∞−∞ |g (t)|p dt,
i.e.
lim
n→∞
∫ ∞
−∞
∣∣XIn (t) ghn (t)∣∣p dt = ∫ ∞−∞ |g (t)|p dt. (7)
From (7), by applying Lemma 1 to the sequence of functions fn (t) = XIn (t) ghn (t) and the
function f (t) = g (t) we get
lim
n→∞
∫ ∞
−∞
∣∣XIn (t) ghn (t)− g (t)∣∣p dt = 0.
Since
∫∞
−∞ |g (t)|p dt <∞, from the previous inequality we obtain
lim
n→∞
∫
In
∣∣ghn (t)− g (t)∣∣p dt = 0. (8)
Let us now demonstrate that
lim
n→∞
∫
In
∣∣∣ei(n+1)2pihn t ghn (t)− eiτ t g (t)∣∣∣p dt = 0. (9)
By integrating inequalities∣∣∣ei(n+1)2pihn t ghn (t)− eiτ t g (t)∣∣∣p ≤ 2p−1 ∣∣ghn (t)− g (t)∣∣p
+ 2p−1
∣∣∣ei(n+1)2pihn t − eiτ t ∣∣∣p |g (t)|p
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over interval In , we obtain∫
In
∣∣∣ei(n+1)2pihn t ghn (t)− eiτ t g (t)∣∣∣p dt ≤ 2p−1 ∫
In
∣∣ghn (t)− g (t)∣∣p dt
+ 2p−1
∫ ∞
−∞
XIn (t)
∣∣∣ei(n+1)2pihn t − eiτ t ∣∣∣p |g (t)|p dt.
The first integral on the right-hand side of the previous inequality tends to 0 according to (8),
and the second one tends to 0 according to the Lebesgue dominated convergence theorem. This
proves (9).
From this, it follows directly that
lim
n→∞
∫ ∞
−∞
∣∣∣XIn (t) Re (ei(n+1)2pihn t ghn (t))− XIn (t) Re (eiτ t g (t))∣∣∣p dt = 0.
Since
∫∞
−∞
∣∣Re (eiτ t g (t))∣∣p dt < +∞, from the previous inequality we obtain
lim
n→∞
∫ ∞
−∞
∣∣∣XIn (t) Re (ei(n+1)2pihn t ghn (t))−Re (eiτ t g (t))∣∣∣p dt = 0. (10)
The sequence of functions fn (t) = XIn (t) Re
(
ei(n+1)2pihn t ghn (t)
)
and the function f (t) =
Re (eiτ t g (t)) satisfy the conditions of Lemma 1, and so applying it to (10) we obtain
lim
n→∞
∫ ∞
−∞
∣∣∣XIn (t) Re (ei(n+1)2pihn t ghn (t))∣∣∣p dt = ∫ ∞−∞
∣∣∣Re (eiτ t g (t))∣∣∣p dt
from which (4) follows directly. 
Lemma 4. If p ≥ 1 then
lim
λ→+∞
∫ +∞
0
∣∣∣ sin xx ∣∣∣2p |cos λx |p dx∫ +∞
0
∣∣∣ sin xx ∣∣∣2p dx =
0
(
1+p
2
)
√
pi0
(
1+ p2
) .
Proof. Let I def= 1
pi
∫ +∞
0
∣∣∣ sin xx ∣∣∣r dx, r > 1. Then
lim
λ→+∞
1
λ
∞∑
n=1
∣∣∣∣ sin npiλnpi
λ
∣∣∣∣r = 1pi limh→0+ h
∞∑
n=1
∣∣∣∣ sin nhnh
∣∣∣∣r = I
and hence
lim
λ→+∞
1
λ
∞∑
n=1
∣∣∣∣ sin (2n − 1) pi2λ(2n − 1) pi2λ
∣∣∣∣r = I. (11)
(The previous equality follows from the identity
1
λ
∞∑
n=1
∣∣∣∣ sin (2n − 1) pi2λ(2n − 1) pi2λ
∣∣∣∣r = 2pi pi2λ
∞∑
n=1
∣∣∣∣ sin n pi2λn · pi2λ
∣∣∣∣r − 1λ
∞∑
n=1
∣∣∣∣ sin npiλnpi
λ
∣∣∣∣r
and the fact that
pi
2λ
∞∑
n=1
∣∣∣∣ sin n pi2λn · pi2λ
∣∣∣∣r −→λ→+∞
∫ ∞
0
∣∣∣∣ sin xx
∣∣∣∣r dx
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and
1
λ
∞∑
n=1
∣∣∣∣ sin npiλnpi
λ
∣∣∣∣r −→λ→+∞ I.)
Let us now demonstrate that for |x | ≤ pi2 the following holds:
lim
λ→+∞
1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλnpi+x
λ
∣∣∣∣∣
r
= I. (12)
For |x | ≤ pi2 we have
1(
(2n−1)pi
2λ
)r ≥ 1( npi+x
λ
)r ≥ 1(
(2n+1)pi
2λ
)r
and so we get
1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλ(2n + 1) pi2λ
∣∣∣∣∣
r
≤ 1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλnpi+x
λ
∣∣∣∣∣
r
≤ 1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλ(2n − 1) pi2λ
∣∣∣∣∣
r
. (13)
If p ≥ 1, it is easy to see that the function
g (z) = |1+ z|
p − |z|p
1+ |z|p−1
is continuous and bounded on C. Replacing z by z
w
, we see that∣∣|z + w|p − |z|p∣∣ ≤ c (|z|p−1 |w| + |w|p)
for all z and w, where c is a positive constant that only depends on p.
From the previous inequality we obtain
|z|p − c
(
|z|p−1 |w| + |w|p
)
≤ |z + w|p ≤ |z|p + c
(
|z|p−1 |w| + |w|p
)
. (14)
First, we prove that
lim
λ→∞
1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλnpi+x
λ
∣∣∣∣∣
r
≤ I
holds (for every x ∈ [−pi2 , pi2 ]).
Let
an (λ) = sin (2n − 1) pi2λ, bn (λ) = cos (2n − 1)
pi
2λ
,
ϕ (λ, x) = cos pi + 2x
2λ
, ψ (λ, x) = sin pi + 2x
2λ
.
Then we have
sin
npi + x
λ
= an (λ) ϕ (λ, x)+ bn (λ)ψ (λ, x) (15)
and also
sin
npi + x
λ
= an+1 (λ) ϕ (λ,−x)− bn+1 (λ)ψ (λ,−x) . (16)
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From (13) and (15), using the right side of inequality (14) we get
1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλnpi+x
λ
∣∣∣∣∣
r
≤ I1 (λ)+ I2 (λ)+ I3 (λ) (17)
where
I1 (λ) = |ϕ (λ, x)|r · 1
λ
∞∑
n=1
∣∣∣∣ sin (2n − 1) pi2λ(2n − 1) pi2λ
∣∣∣∣r ,
I2 (λ) = c
λ
∞∑
n=1
∣∣sin (2n − 1) pi2λ ∣∣r−1(
(2n − 1) pi2λ
)r · |bn (λ)| |ϕ (λ, x)|r−1 |ψ (λ, x)|
and
I3 (λ) = c
λ
∞∑
n=1
|bn (λ)|r |ψ (λ, x)|r(
(2n − 1) pi2λ
)r .
Having in mind that ϕ (λ, x)→ 1 when λ→+∞, we obtain from (11) that
lim
λ→∞ I1 (λ) = I. (18)
Since |bn (λ)| ≤ 1, |ϕ (λ, x)|r−1 ≤ 1 and |ψ (λ, x)| ≤ 2piλ we get
I2 (λ) ≤ 2pic
λ2
∞∑
n=1
∣∣sin (2n − 1) pi2λ ∣∣r−1(
(2n − 1) pi2λ
)r (19)
and
I3 (λ) ≤ c
λ
(
2pi
λ
)r ∞∑
n=1
1(
(2n − 1) pi2λ
)r . (20)
From (20) (because r > 1) it directly follows that
lim
λ→+∞ I3 (λ) = 0. (21)
Now, we prove that if r > 1 then
lim
λ→+∞
2pic
λ2
∞∑
n=1
∣∣sin (2n − 1) pi2λ ∣∣r−1(
(2n − 1) pi2λ
)r = 0 (22)
holds.
Indeed, if 1 < r < 2 then we have
2pic
λ2
∞∑
n=1
∣∣sin (2n − 1) pi2λ ∣∣r−1(
(2n − 1) pi2λ
)r ≤ 2pic( 2
pi
)r
λr−2
∞∑
n=1
1
((2n − 1))r
from which (22) follows directly.
If r ≥ 2 then (because
∣∣∣ sin xx ∣∣∣α ≤ 1 for α ≥ 0)∣∣sin (2n − 1) pi2λ ∣∣r−1(
(2n − 1) pi2λ
)r ≤ 4λ2
pi2
∣∣sin (2n − 1) pi2λ ∣∣
((2n − 1))2
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and so, we have
2pic
λ2
∞∑
n=1
∣∣sin (2n − 1) pi2λ ∣∣r−1(
(2n − 1) pi2λ
)r ≤ 8c
pi
∞∑
n=1
∣∣sin (2n − 1) pi2λ ∣∣
((2n − 1))2
from which (22) follows.
From (17)–(22) it follows that (for x ∈ [−pi2 , pi2 ])
lim
λ→∞
1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλnpi+x
λ
∣∣∣∣∣
r
≤ I.
In a similar way, using the left side of (13) and (14), and equality (16), one obtains
lim
λ→∞
1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλnpi+x
λ
∣∣∣∣∣
r
≥ I
which proves (12). 
Note that along the way it was demonstrated that there exists K < ∞ such that for any
x ∈ [−pi2 , pi2 ] and any λ ≥ 1 the following holds:
1
λ
∞∑
n=1
∣∣∣∣∣ sin npi+xλnpi+x
λ
∣∣∣∣∣
r
≤ K . (23)
Let now p ≥ 1.
Since
lim
λ→+∞
∫ ∞
0
∣∣∣∣ sin xx
∣∣∣∣2p |cos λx |p dx = limλ→+∞ ∞∑
s=1
∫ (2s+1) pi2λ
(2s−1) pi2λ
∣∣∣∣ sin xx
∣∣∣∣2p |cos λx |p dx
= = lim
λ→+∞
∞∑
s=1
1
λ
∫ pi
2
− pi2
∣∣∣∣∣ sin spi+xλspi+x
λ
∣∣∣∣∣
2p
|cos x |p dx,
by applying the Beppo Levi theorem, (23) and the Lebesgue dominated convergence theorem,
we obtain
lim
λ→+∞
∫ ∞
0
∣∣∣∣ sin xx
∣∣∣∣2p |cos λx |p dx = ∫ pi2− pi2 |cos x |p
 lim
λ→+∞
1
λ
∞∑
s=1
∣∣∣∣∣ sin spi+xλspi+x
λ
∣∣∣∣∣
2p
 dx . (24)
From (12) (putting r = 2p, p ≥ 1) and (24) it follows that
lim
λ→+∞
∫∞
0
∣∣∣ sin xx ∣∣∣2p |cos λx |2p dx∫∞
0
∣∣∣ sin xx ∣∣∣2p dx =
I · ∫ pi2− pi2 |cos x |p dx
pi · I =
2
pi
∫ pi
2
0
(cos x)p dx
=
0
(
1+p
2
)
√
pi0
(
1+ p2
)
which proves Lemma 4.
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3. Proof of Theorem 2
Let τ = σ2 and g (z) = e−iτ z f (z) . The function g is an entire function of exponential type
whose conjugate indicator diagram lies on the interval [−τ i, τ i] and for which∫ ∞
−∞
|g (x)|p dx <∞.
Let P be an algebraic polynomial of degree 2n + 2 such that
P
(
eix
)
= ei(n+1)x · ghn
(
x
2pihn
)
(the notation is the same as in Properties (A), (B) and (C) after Lemma 2).
Since
P ′
(
eix
)
· eix · i = i (n + 1) ei(n+1)x ghn
(
x
2pihn
)
+ ei(n+1)x · g′hn
(
x
2pihn
)
· 1
2pihn
,
then, applying Theorem 1, we obtain∫ pi
−pi
∣∣∣∣i (n + 1) τn ghn
(
x
2pihn
)
+ g′hn
(
x
2pihn
)∣∣∣∣p dx
≤ cp (2n + 2)p (2pihn)p
∫ pi
−pi
∣∣∣∣Re(ei(n+1)x · ghn ( x2pihn
))∣∣∣∣p dx
from which, after substituting x2pihn = t, t ∈ In =
[−pin
τ
, pin
τ
]
, it follows that∫
In
∣∣∣∣iτ (n + 1)n ghn (t)+ g′hn (t)
∣∣∣∣p dt
≤ cp
(
2n + 2
n
)p
τ p
∫
In
∣∣∣Re (ei (n+1)n τ t · ghn (t))∣∣∣p dt. (25)
Let a > 0 be such that a < npi
τ
. Then from (25) it follows that∫ a
−a
∣∣∣∣iτ (n + 1)n ghn (t)+ g′hn (t)
∣∣∣∣p dt
≤ cp
(
2n + 2
n
)p
τ p
∫
In
∣∣∣Re (ei (n+1)n τ t · ghn (t))∣∣∣p dt. (26)
Since according to Lemma 2 limn→∞ ghn (t) = g (t) and limn→∞ g′hn (t) = g′ (t) where
convergence is uniform on [−a, a] , by applying Lemma 3, we get (from (26), letting n→∞)∫ a
−a
∣∣iτg (t)+ g′ (t)∣∣p dt ≤ cp σ p ∫ ∞
−∞
∣∣∣Re (eiτ t · g (t))∣∣∣p dt.
Since a > 0 is arbitrary, from the previous inequality we obtain∫ ∞
−∞
∣∣iτg (t)+ g′ (t)∣∣p dt ≤ cp σ p ∫ ∞
−∞
∣∣∣Re (eiτ t · g (t))∣∣∣p dt. (27)
Since f (x) = eiτ x · g (x), we have ∣∣ f ′ (x)∣∣ = ∣∣g′ (x)+ iτg (x)∣∣ and from (27) we obtain (3).
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Let Bp be the smallest constant such that the following inequality holds:∫ ∞
−∞
∣∣ f ′ (x)∣∣p dx ≤ Bp ∫ ∞
−∞
|Re ( f (x))|p dx
for all entire functions of exponential type whose conjugate indicator diagram lies on interval
[0, σ i] and for which∫ ∞
−∞
| f (x)|p dx <∞.
Having in mind the definition of Bp, it follows that
Bp ≤ cpσ p.
Let us now show that Bp ≥ cpσ p (p ≥ 1) .
Let 0 < ε < σ2 . Starting from entire function λ 7−→ sin λλ (a “blue blood”function) we form the
function
fε (z) = eiz(σ−ε) sin
2 εz
2
z2
.
The function fε is an entire function of exponential type σ whose conjugate indicator diagram
belongs to the interval [0, σ i] and
∫∞
−∞ | fε (x)|p dx <∞ (p ≥ 1) .
Therefore∥∥ f ′ε∥∥p ≤ B 1pp ‖Re fε‖p . (28)
(Here ‖ϕ‖p =
(∫∞
−∞ |ϕ (x)|p dx
) 1
p .)
Note that
Re fε (x) = cos (σ − ε) x · sin
2 εx
2
x2
and ∣∣ f ′ε (x)∣∣ = ∣∣ f ε1 (x)+ f ε2 (x)∣∣
where
f ε1 (x) = i (σ − ε)
sin2 εx2
x2
and
f ε2 (x) =
d
dx
(
sin2 εx2
x2
)
.
Since
∥∥ f ′ε∥∥p ≥ ∥∥ f ε1 ∥∥p − ∥∥ f ε2 ∥∥p, then from (28) it follows that
B
1
p
p ≥
∥∥ f ′ε∥∥p
‖Re fε‖p
≥
∥∥ f ε1 ∥∥p
‖Re fε‖p
−
∥∥ f ε2 ∥∥p
‖Re fε‖p
. (29)
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Let us demonstrate that
lim
ε→0+
∥∥ f ε2 ∥∥p
‖Re fε‖p
= 0. (30)
We can easily obtain∥∥ f ε2 ∥∥pp
‖Re fε‖pp
=
(ε
2
)p ∫∞0 ∣∣∣ x sin 2x−2 sin2 xx3 ∣∣∣p dx∫∞
0
∣∣∣cos 2(σ−ε)xε ∣∣∣p · ∣∣∣ sin xx ∣∣∣2p dx
=
∫∞
0
∣∣∣ x sin 2x−2 sin2 xx3 ∣∣∣p dx
λp · ∫∞0 |cos λx |p · ∣∣∣ sin xx ∣∣∣2p dx · (σ − ε)
p
where λ = 2
ε
(σ − ε)→+∞ when ε→ 0+ .
So, for the proof (30) it is enough to prove that
lim
λ→+∞ λ
p
∫ ∞
0
|cos λx |p ·
∣∣∣∣ sin xx
∣∣∣∣2p dx = +∞ (31)
holds.
Since sin x ≥ 2
pi
x for x ∈ [0, pi2 ] , we have
λp
∫ ∞
0
|cos λx |p ·
∣∣∣∣ sin xx
∣∣∣∣2p dx ≥ λp ∫ pi2
0
|cos λx |p ·
∣∣∣∣ sin xx
∣∣∣∣2p dx
≥ λp
(
2
pi
)2p ∫ pi
2
0
|cos λx |p · dx
=
(
2
pi
)2p
λp−1
∫ λpi
2
0
|cos x |p · dx .
If p ≥ 1 then
lim
λ→+∞ λ
p−1
∫ λpi
2
0
|cos x |p · dx = +∞;
so, (31) holds.
Let us now determine
lim
ε→0+
∥∥ f ε1 (x)∥∥p
‖Re fε‖p
.
Since ∥∥ f ε1 ∥∥pp
‖Re fε‖pp
= (σ − ε)p
∫∞
0
∣∣∣ sin xx ∣∣∣2p dx∫∞
0
∣∣∣ sin xx ∣∣∣2p ∣∣∣cos 2(σ−ε)ε x∣∣∣p dx
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then, as ε→ 0+, applying Lemma 4 (here λ = 2σ−ε
ε
→+∞ when ε→ 0+) we get
lim
ε→0+
∥∥ f ε1 ∥∥pp
‖Re fε‖pp
= σ p
√
pi0
(
1+ p2
)
0
(
1+p
2
) . (32)
Then, from (29), (30) and (32) it follows that
B
1
p
p ≥ σ p
√√√√√pi0 (1+ p2 )
0
(
1+p
2
) .
Therefore, Bp ≥ σ pcp, which proves Theorem 3. 
Remark 2. Theorem 3 also holds when function f is an entire function of exponential type
whose conjugate indicator diagram lies on the interval [−σ i, 0] and which satisfies the condition∫∞
−∞ | f (x)|p dx < ∞ (p ≥ 1) . It is sufficient just to apply Theorem 2 to the function h (z) =
f (−z) .
Remark 3. It also follows from Theorem 3 that∫ ∞
−∞
∣∣∣ f (s) (x)∣∣∣p dx ≤ (cp · σ p)s ∫ ∞
−∞
|Re ( f (x))|p dx
for every s = 1, 2, 3, . . . . This inequality is obtained by induction over s using |Re z| ≤ |z| .
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